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Problem 1. Consider the Hilbert space C2 and the vectors

|0⟩ =
(

i
i

)
, |1⟩ =

(
1
−1

)
Normalize these vectors and then calculate the probability | ⟨0|1⟩ |2.

Problem 2. Consider the Hilbert space Rn. Let x, y ∈ Rn. Show that

∥x + y∥2 + ∥x − y∥2 = 2(∥x∥2 + ∥y∥2)

Note that

∥x∥2 := ⟨x|x⟩ .

Problem 3. Consider the three vectors:

|ψ1⟩ =
1√
3
|+⟩+ i

√
2√
3
|−⟩

|ψ2⟩ =
1√
5
|+⟩ − 2√

5
|−⟩

|ψ3⟩ =
1√
2
|+⟩+ eiπ/4 1√

2
|−⟩

Use bra-ket notation (not matrix notation) to solve the following problems. Note that
⟨+|+⟩ = 1, ⟨−|−⟩ = 1, ⟨+|−⟩ = 0.

1. For each of the ψi above, find the normalized vector ϕi that is orthogonal to it.

2. Calculate the inner products ⟨ψi|ψj⟩ for i and j = 1, 2, 3.

Problem 4. Let |0⟩, |1⟩ be an orthonormal basis in the Hilbert space C2.
Let

|ψ⟩ = cos (θ/2) |0⟩+ eiϕ sin (θ/2) |1⟩

Where θ, ϕ ∈ R.
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1. Find ⟨ψ|ψ⟩.

2. Find the probability | ⟨0|ψ⟩ |2.

3. Assume that

|0⟩ =
(

1
0

)
, |1⟩ =

(
0
1

)
.

Find the 2 × 2 matrix |ψ⟩ ⟨ψ| and calculate the eigenvalues.

Problem 5. Consider the Hilbert space H of the 2× 2 matrices over the complex num-
bers with the scalar product

⟨A|B⟩ := tr(AB†), A, B ∈ H.

Show that the rescaled Pauli matrices µj := 1√
2
σj , j = 1, 2, 3

µ1 =
1√
2

(
0 1
1 0

)
, µ2 =

1√
2

(
0 −i
i 0

)
, µ3 =

1√
2

(
1 0
0 −1

)
plus the rescaled 2 × 2 identity matrix

µ0 =
1√
2

(
1 0
0 1

)
form an orthonormal basis in the Hilbert space H.


